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Abstract
We have constructed a ‘Vassiliev-like’ filtration on the free abelian group generated by the set of
ribbon 2-knots in 4-space in two ways: one is from a ribbon 2-disk, and the other from a projection
of a ribbon 2-knot onto a generic 3-space whose singular set consists of only double points. Each
filtration determines a notion of finite type invariants for ribbon 2-knots. We prove that the two
filtrations are the same, and thus, the two finite type invariants are coincident.  2002 Elsevier
Science B.V. All rights reserved.
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1. Introduction
Vassiliev [9] has discovered a new family of invariants for 1-knots, which are called
Vassiliev invariants or finite type invariants. More precisely, let A be an abelian group.
Then an A-valued invariant of classical knots is a finite type invariant of type k if it vanishes
on all singular knots with at least k+1 double points. Here, a singular knot is considered an
alternating sum of 2k+1 knots obtained by replacing each double point with either positive
or negative crossing. Namely, Vassiliev invariants are based on crossing changes. For more
details, see [1,2].
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An n-knot in (n+ 2)-space Rn+2 is a ribbon n-knot if it bounds a ribbon (n+ 1)-disk in
R
n+2
, that is, an immersed (n+1)-disk with only ribbon singularities. There are alternative
descriptions for ribbon 2-knots [10,11] (see Section 5.3), and thus we defined finite type
invariants of ribbon 2-knots in 4-space in two ways in a joint work with Habiro [5]. The
first definition of finite type invariants of ribbon 2-knots is based on that a ribbon 2-knot
is obtained from a ribbon 2-disk by a slight modification. Removing ribbon singularities
in such a ribbon 2-disk is corresponding to the crossing changes in the classical knot case.
A ribbon 2-knot is characterized as a 2-knot whose projection into R3 is an immersed
2-sphere such that the singular set consists of only transverse double points; the singular
set consists of disjoint simple closed curves, which we call crossing circles. The second
definition of finite type invariants of ribbon 2-knots is quite analogous to the classical knot
case: we make use of the crossing changes at crossing circles. For an abelian group A,
we denote by Ik(R;A) and Ik(Q;A) the sets of all A-valued invariants of ribbon 2-knots
of type k corresponding to the first and second definitions above, respectively. Then we
have:
Theorem 1.1. For an abelian group A, the two sets Ik(R;A) and Ik(Q;A) of A-valued
finite type invariants of ribbon 2-knots are coincident for each k.
We define two filtrations on the free abelian group generated by the set of ribbon 2-
knots in 4-space, which determines finite type invariants for ribbon 2-knots, Ik(R;A) and
Ik(Q;A). The main result of this paper is that the two filtrations coincide (Theorem 6.9),
which implies Theorem 1.1.
Yajima [10] proved that a 2-knot whose projection into R3 has only transverse double
points is a ribbon 2-knot that is obtained from a ribbon 2-disk. His proof is using some
local moves and global moves. In the process of proving Theorem 6.9, we reprove Yajima’s
theorem (Theorem 5.2) using only local moves.
In [5], it was shown there exist finite type invariants of ribbon 2-knots (of the first
definition). Normalize the Alexander polynomial ∆K(t) of a ribbon 2-knot K so that
∆K(1) = 0 and d/dt∆K(1) = 0. Then the nth derivative of the normalized Alexander
polynomial is a finite type invariant of type n: dn/dtn∆K(1) ∈ In(R;A). One may expect
the existence of finite type invariants for a ribbon 2-knot which do not arise from the
Alexander polynomial such as the Jones polynomial of a 1-knot. However, in [6], it was
shown that the Alexander polynomial determines all the finite type invariants of ribbon
2-knots.
This paper is organized as follows. In Section 2, we define a ribbon diagram in 3-space,
which presents a surface-link in 4-space. This is just like a diagram of a classical knot,
that is, an immersion of a closed surface such that: the singular set has only transverse
double points, and each component is a circle and has crossing information. In Section 3,
we define some local moves between ribbon diagrams that do not change ambient isotopy
classes of associated surface-links. In Section 4, we consider a ribbon diagram obtained
by attaching 1-handles on 2-spheres. In Section 5, we review ribbon 2-knots and reprove
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Yajima’s theorem by using the local moves defined in Section 3. In Section 6, we define
the two filtrations of ribbon 2-knots, and prove that they coincide.
2. Ribbon diagrams
2.1. Definition of ribbon diagrams
In classical knot theory, we usually represent a knot by a diagram, that is, an immersed
closed curve in the plane together with over and under information at the double points. A
surface-link [8, p. 175] is an embedded closed (possibly disconnected) 2-manifold in R4.
We define a “diagram” in R3 for a surface-link in an analogous way.
Let ϕ :F → R3 be an immersion of a closed 2-manifold F such that the singular set
Σ of the image ϕ(F ) in R3 has only transverse double points; each component of Σ is a
circle, which we call a crossing circle. For each crossing circle C, let A1 and A2 be two
annuli such that A1 ∪ A2 is the regular neighborhood of C in ϕ(F ). Then one of the two
annuli A1 and A2 is labeled either ‘a’ (for ‘above’) or ‘b’ (for ‘below’). We suppose that
there is a mark ‘a’ on the annulus Ai if and only if there is a mark ‘b’ on the annulus
Aj , where i = j . We will usually label ‘a’ or ‘b’ on only one annulus; see [5, Figure 7].
For a mark c, which is either a or b, c¯ will mean the different mark from c; thus a¯ = b
and b¯ = a. We call an annulus labeled ‘a’ an a-annulus and one labeled ‘b’ a b-annulus.
A ribbon diagram consists of the immersed surface ϕ(F ) in R3 together with a mark at
each crossing circle.
We define the associated surface-link LD of a ribbon diagram D with an immersed
surface D˜ in R3 by the following properties.
(i) p(LD)= D˜, where p :R4 =R3 ×R→R3 is the projection onto R3.
(ii) LD ∩ (R3 × {0})= (D˜\ Int(a-annuli in D˜))× {0}, and LD ⊂R3 × [0,∞).
These conditions determine a surface-link up to ambient isotopy.
Remark 2.1. The marks ‘a’ and ‘b’ give ‘over’ and ‘under’ information to crossing circles.
Several authors adopt other conventions: Yajima [10] uses an arrow. Giller [4, p. 629] uses
‘+’ for our ‘a’. Carter and Saito [3, p. 4] define a broken surface diagram.
2.2. 1-handles on a ribbon diagram
Let D be a ribbon diagram with an immersed surface D˜. Let hi :B2 × I → R3, i =




B2 × I)∩ D˜ = hi(B2 × {0, ti1, ti2 , . . . , tik ,1})
for some ti1, ti2 , . . . , tik with 0 < ti1 < ti2 < · · · < tik < 1, where B2 is a 2-disk and
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Fig. 1.
We call the embeddings hi 1-handles on the diagram D, and the diagram with immersed
surface D˜ +∑mi=1 hi a diagram obtained from D by attaching 1-handles on D. For the 1-
handle hi , we call the arc hi(x×I), x ∈ IntB2, a core, the disks hi(B2×0) and hi(B2×1)
the attaching disks, and the disk hi(B2 × t), 0< t < l, a cocore of hi ; see Fig. 1.
3. Local moves of a ribbon diagram with 1-handles
We define some local moves for a ribbon diagram having attaching 1-handles. They do
not change the ambient isotopy class of the associated surface-link. In each move, away
from the regions depicted, the ribbon diagrams are identical before and after the move.
3.1. A wen in a ribbon diagram
A wen is a part of a ribbon diagram as shown in Fig. 2(a), where the mark c is either a
or b. More precisely, a wen is constructed as follows: Let E be a proper disk in a 3-ball
B , and α an arc in B such that Intα and IntE intersect transversally in exactly one point,
one of the endpoints of α is in ∂B\E, and the other is in Int E; see Fig. 2(b). Then a wen
is an immersed annulus in B obtained from E by attaching a 1-handle along α. Also we
have another type of wen as shown in Fig. 2(c). Thus considering the crossing information,
there are four types of wens.
Fig. 2.
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Fig. 3. Type (W1) move.
Fig. 4. Type (W2) move.
Fig. 5.
Lemma 3.1. Each of the following moves does not change the ambient isotopy class of the
associated surface-link:
(W1) Changing the crossing in a wen as shown in Fig. 3, where c ∈ {a,b}.
(W2) Changing a wen to the other type of wen as shown in Fig. 4, where c ∈ {a,b}.
We give an associated surface of a diagram containing a wen in terms of the moving
picture method; cf. [8, Chapter 13]. We consider properly embedded annuli, An, n ∈ Z, in
a 4-ball D4 =D3 × [−1,1], where D3 = {(t, x, y) | −1  t, x, y  1}. Let αn be the arc
pairs properly embedded in D3 and ∆n a band spanning αn as shown in Fig. 5, where αn






αn, for |z|< 1/4,
∆n, for |z| = 1/4,
∅, for 1/4< |z| 1.
Then we have the following [7, Lemma 1]; cf. [11, Lemma 5.2]:
Lemma 3.2. If m≡ n (mod 2), then Am and An are ambient isotopic in D4 keeping the
boundary fixed.
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Proof of Lemma 3.1. The annulus A(1)1 in a 4-ball given in Fig. 6(a) is clearly ambient
isotopic to A1. Pushing the disk ∆′ in level z= 1/4 to level z= 1/2 and one in z=−1/4
to z = −1/2, A(1)1 becomes A(2)1 as shown in Fig. 6(b). Then A(2)1 is clearly isotopic to
A
(3)
1 given in Fig. 6(c). The image of A(3)1 under the projection (t, x, y, z) → (x, y, z) is
a wen as shown in Fig. 7, which is isotopic to the wen in Fig. 2(a) with c = b. Thus A1
has a wen in Fig. 2(a) with c = b as a diagram. Similarly, A1 has also a wen in Fig. 2(c)
with c = b as a diagram. Furthermore, A−1 has wens in Fig. 2 (a) and (c) with c = a as
diagrams. Thus Lemma 3.2 completes the proof. ✷
Fig. 6. (a) A(1)1 ; (b) A
(2)




T. Kanenobu, A. Shima / Topology and its Applications 121 (2002) 143–168 149
Fig. 8. Type (W3) move.
Fig. 9. Type (W4) move.
Owing to Lemma 3.1, we will use the following convention: In a ribbon diagram, the
portion labeled W indicates any one of the four types of the wens in Fig. 2 (a) and (c) with
c ∈ {a,b}.
In a similar way to Lemma 3.1, we may prove:
Lemma 3.3. Each of the following moves does not change the ambient isotopy class of the
associated surface-link:
(W3) Canceling consecutive two wens as shown in Fig. 8.
(W4) Canceling a wen at the end of a 1-handle as shown in Fig. 9.
For (W4), cf. [10, Fig. 8].
3.2. Moving a 1-handle
We consider moves on 1-handles in a ribbon diagram.
(%1) Moving a 1-handle across a crossing circle as shown in Fig. 10, where c1, c2 ∈
{a,b} and
c3 = c4 =
{
c1 if c1 = c2,
either a or b if c1 = c2.
This move adds two crossing circles; cf. [10, Fig. 6].
(%2) Sliding a 1-handle across a crossing circle along a sheet as shown in Fig. 11,
where
c1 = c2 ∈ {a,b}.
This move adds one crossing circle.
(%3) Changing a crossing of 1-handles as shown in Fig. 12.
This move is useful to simplify a ribbon diagram; cf. [11, Lemma 5.1].
We have two moves involving a wen.
(%4) Moving a wen across a sheet as shown in Fig. 13, where c ∈ {a,b}.
(%5) Moving a 1-handle across a wen as shown in Fig. 14, where c1, c2 ∈ {a,b}.
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Fig. 10. Type (%1) move.
Fig. 11. Type (%2) move.
Fig. 12. Type (%3) move.
Fig. 13. Type (%4) move.
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Fig. 14. Type (%5) move.
Fig. 15.
Lemma 3.4. Each of the moves (%1)−(%5) does not change the ambient isotopy class of
the associated surface-link.
Proof. We prove for (%1) with c1 = c3 = c4 = a, c2 = b. The proofs for other cases and
(%2)−(%5) are similar. We consider the ribbon diagram Fig. 15(a) having crossing circles
C1 and C2, which is Fig. 10 with c1 = a and c2 = b. Let A1 and A2 be a-annuli of the
crossing circles C1 and C2, respectively. Pushing the a-annuli A1 and A2 to the upper half
space [0,∞)× R3 = {(t, x, y, z) | t  0}, we obtain the associated surface-link given by
the cross sections Fig. 15(b). In other words, the ribbon diagram Fig. 15(a) is the image
of the surface-link given by Fig. 15(b) under the projection (t, x, y, z) → (x, y, z). Then
the surface-link Fig. 15(b) is also presented as in Fig. 15(c), which may be simply given as
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Fig. 15 (continued).
in Fig. 15(d), where each diagram is the image under the projection (t, x, y) → (x, y).
Similarly, we may present an associated surface-link of the second ribbon diagram in
Fig. 10 with c1 = c3 = c4 = a and c2 = b by Fig. 15(e). Then it is easy to see the surface-
links in Figs. 15(d) and 15(e) are ambient isotopic, completing the proof. ✷
Fig. 16. (a) An inside attaching disk. (b) An outside attaching disk.
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Fig. 17. Type (%6) move.
3.3. Other local moves
We consider a ribbon diagram having a 2-sphere S that bounds a 3-ball B in R3. An
attaching disk of a 1-handle h on S is inside if h(B2 × [0, ε)) ⊂ B for some ε > 0, and
outside if not; see Fig. 16. Notice that near an inside attaching disk, there is a wen.
We will need the following two moves:
(%6) Pulling out a 2-sphere with 1-handles across a sheet as shown in Fig. 17(a), where
T denotes a 2-sphere S with 1-handles hi, i = 1, . . . , p + q + r , as shown in
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Fig. 18. Type (%7) move.
Fig. 17(b) and d ∈ {a,b}; the 2-sphere S bounds a 3-ball B , and the 1-handles hi
satisfy:
• h1, . . . , hp are passing through S;
• hp+1, . . . , hp+q are attached on S whose attaching disks in S are inside;
• hp+q+1, . . . , hp+q+r are attached on S whose attaching disks in S are outside;
• the pair (B,B ∩⋃p+qi=1 αi), where αi is a core of hi , is a trivial tangle, meaning
that it is homeomorphic to the pair (D2, {x1, . . . , xp+q})× [0,1], where xi are
interior points of the 2-disk D2; and
• ci , c′j ∈ {a,b}, where 1 i  p+ q, 1 j  p.
(%7) Pulling out a 1-handle whose crossing information matches as shown in Fig. 18,
where c ∈ {a,b}; cf. [10, Lemma 4.6].
Similarly, we may prove:
Lemma 3.5. Each of the moves (%6) and (%7) does not change the ambient isotopy class
of the associated surface-link.
Remark 3.6. The move (%5) is realized by a sequence of the moves (%1) and (%7); see
Fig. 19, which shows for the move (%5) with c1 = a and c2 = b.
4. 1-handles on 2-spheres
In this section, we consider a ribbon diagram D obtained by attaching 1-handles on
2-spheres S1, . . . , Sm+1, which bound mutually disjoint 3-balls B1, . . . ,Bm+1 in R3 with
∂Bi = Si for each i, 1 i m+ 1.
4.1. Types of 1-handles
There are three types for a 1-handle in D depending on the attaching disks:
(H1) Both are inside.
(H2) One is inside and the other is outside.
(H3) Both are outside.
T. Kanenobu, A. Shima / Topology and its Applications 121 (2002) 143–168 155
Fig. 19.
Lemma 4.1. A 1-handle of type (H1) can be transformed into one of type (H3) by a
sequence of the moves (%4) and (W3).
Proof. Let h be the 1-handle of type (H1). Since there are two wens in the neighborhoods
of the attaching disks of h in R3, move one of the wens along the 1-handle h near the other
wen by a sequence of the move (%4). Then canceling the two wens by (W3), we obtain a
1-handle of type (H3). Fig. 20 shows the case where the intersection h(B2 × I) ∩
(
⋃m+1
i=1 Bi) consists of three 3-disks. ✷
Similarly, we can prove the following.
Lemma 4.2. Suppose that a 1-handle h of type (H2) has the inside attaching disk in Si
and the outside one in Sj . Then we can transform it into a 1-handle of type (H2) so that the
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Fig. 20.
outside attaching disk is in Si and the inside one in Sj by a sequence of the moves (Wl),
(W2) and (%4).
We can transform a special 1-handle into a 1-handle of type (H3).
Lemma 4.3. Suppose that a 2-sphere Si has exactly one attaching 1-handle h. Then we
can transform it into a 1-handle of type (H3) by a sequence of the moves (W1)–(W4) and
(%4), (%5).
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Fig. 21.
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Proof. If h is of type (H1), then by Lemma 4.1, we can transform it into one of type (H3)
using (%4) and (W3).
Suppose that h is of type (H2). Let E be the attaching disk of h contained in Si . If E is
outside, then by Lemma 4.2, we may transform h so that the attaching disk in Si is inside
by a sequence of the moves (Wl), (W2) and (%4). Thus we assume that E is inside. Then
there is a wen in a neighborhood of E in R3. Move the 1-handles that pierce through Bi
across the wen by a sequence of the move (%5). Then we can eliminate this wen by the
move (W4), obtaining the result; see Fig. 21. ✷
4.2. Sliding 1-handles
Let D be a ribbon diagram as above. Let h and k be 1-handles of D such that their
attaching disks lie in the same 2-sphere Si . Then either:
(i) they are both outside,
(ii) one is outside and the other inside, or
(iii) they are both inside.
In case (i), choose a 1-handle k′ parallel to k. Let h′ be a 1-handle obtained from h and k′
by cutting along the attaching disks in Si and gluing together along the boundaries. Let D′
be a ribbon diagram obtained from D by replacing the 1-handle h by the new 1-handle h′,
whose crossing information is induced from those of h and k′. We say that D′ is obtained
from D by sliding the 1-handle h along the 1-handle k. Fig. 22 shows the case where the
1-handle k is of type (H2), c1, . . . , c2r+1 ∈ {a,b}.
In cases (ii) and (iii), using Lemmas 4.1 and 4.2, we can transform the 1-handles h and
k into h1 and k1 whose attaching disks in Si satisfy (i). Let D1 be the ribbon diagram
Fig. 22.
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obtained by sliding h1 along k1, which we also call the ribbon diagram obtained from D
by sliding the 1-handle h along the 1-handle k.
Obviously, we have:
Lemma 4.4. If D′ is obtained from D by sliding 1-handles, then D′ is transformed from
D by a sequence of the moves (W1)–(W3) and (%2), (%4).
5. Ribbon 2-knots
5.1. Ribbon handlebodies
A ribbon handlebody H is a ribbon 2-disk, which is a 2-dimensional handlebody in R3
consisting of m 0-handles D1, . . . ,Dm, m− 1 1-handles B1, . . . ,Bm−1 and no 2-handle
such that the preimage of each ribbon singularity consists of an arc in the interior of a
0-handle and a cocore of a l-handle. We denote by ΣH the set of ribbon singularities in H .
In other words, ΣH is the set of the connected components of the intersection IntD ∩ B,
where D =D1 ∪ · · · ∪Dm and B = B1 ∪ · · · ∪Bm−1.
We associate to H an immersed 3-disk VH in R4 =R3 ×R defined by
VH =D× [−2,2] ∪ B× [−1,1].
Observe that VH is a ribbon 3-disk for the ribbon 2-knot KH = ∂VH ⊂R4.
A ribbon handlebody is simple if each 0-handle Di contains at most one ribbon
singularity and, moreover, if Di contains one, then Di is incident to at most one l-handle.
Then the following is easy.
Lemma 5.1 [5, Lemma 1.3]. For any ribbon handlebody H , there exists a simple ribbon
handlebodyH ′ such that the associated ribbon 2-knots KH and KH ′ are ambient isotopic.
5.2. Symmetric ribbon diagrams
For a ribbon handlebody, we define a symmetric ribbon diagram following Yajima [10,
pp. 136–138]. A symmetric immersion of a ribbon handlebody H is an immersed 2-sphere
H+ ∪ H− whose singular set consists of double points, where H+ and H− are ribbon
handlebodies with ∂H = ∂H+ = ∂H− obtained from H by pushing to the positive and
negative normal direction of H , respectively. A symmetric ribbon diagram of H consists
of the symmetric immersion of H with crossing information:
• An annular neighborhood contained in H+ (respectively H−) of a crossing circle is
an a-annulus (respectively a b-annulus).
See Fig. 23, where we see the ribbon handlebodies from the positive side; cf. [10, Figs. 3–
5].
Observe that the associated 2-knot of a ribbon handlebody H is ambient isotopic to an
associated 2-knot of a symmetric ribbon diagram of H .
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Fig. 23.
5.3. Yajima’s theorem
According to Yajima [10] and Yanagawa [11], there are alternative ways for defining a
ribbon 2-knot. Let K be a 2-knot. Then the following conditions are equivalent:
(R1) K is a ribbon 2-knot, that is, K bounds a ribbon 3-disk.
(R2) K bounds a ribbon 3-disk that is obtained from a disjoint union of 3-disks in R3
by attaching 1-handles.
(R3) K is the associated 2-knot of a ribbon handlebody; in other words, K is the
associated 2-knot of a symmetric ribbon diagram. (Yajima [10] calls such a 2-knot
a symmetric ribbon sphere.)
(R4) K is the associated 2-knot of a ribbon diagram. (Yajima [10] calls such a 2-knot a
simply knotted sphere.)
(R3)⇒ (R2)⇒ (R1) and (R3)⇒ (R4) are obvious. Yanagawa proved (R1)⇔ (R4).
More precisely, he [11, Lemma 4.3] proved that (R4) is equivalent to
(R5) K is a fusion of a trivial 2-link.
Such a 2-knot is the associated 2-knot of a ribbon diagram obtained by attaching 1-
handles, and vice versa. Yajima [10, Theorem 1] proved (R4)⇒ (R3) using some local and
global moves. In this section, we reprove Yajima’s theorem for a 2-link by transforming a
ribbon diagram using the local moves defined in Section 3.
Theorem 5.2. Any ribbon diagram for r copies of 2-spheres can be transformed into a
ribbon diagram with symmetric immersion by a finite sequence of the moves (W1)–(W4)
and (%1)−(%6).
Furthermore, by a sequence of the move (%7), this ribbon diagram with symmetric
immersion can be transformed into a symmetric ribbon diagram of some ribbon
handlebody.
Lemma 5.3. Any ribbon diagram for r copies of 2-spheres can be transformed by a
sequence of the moves (%1) and (%2) into a ribbon diagram obtained by attaching 1-
handles h1, . . . , hn on 2-spheres S1, . . . , Sn+r for some n.
Moreover, by a sequence of the moves (%3) and (%6), this ribbon diagram can be
transformed into a ribbon diagram so that: the 2-spheres S1, . . . , Sn+r bound mutually
disjoint 3-balls B1, . . . ,Bn+r in R3 with ∂Bi = Si for each i,1 i  n+ r , and each pair
(Bi,Bi ∩ (⋃nj=1 αj )), αj is a core of hj , forms a trivial tangle.
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Proof. Let D0 be a ribbon diagram for r copies of 2-spheres. Let D be a ribbon diagram
obtained from D0 by attaching l-handles h1, . . . , hm with an immersed surface D˜ in R3.
Thus Σ(D) consists of Σ(D0) and boundaries of cocores of the l-handles h1, . . . , hm. We
will prove that D can be transformed by a sequence of the moves (%1) and (%2) into a
ribbon diagram obtained by attaching l-handles on a disjoint union of 2-spheres in R3. We
use induction on the number of the components in Σ(D0), say n. If n = 0, then D0 is a
disjoint union of 2-spheres in R3, showing the case n= 0.
Assume it is true for less than n, and the number of the components of Σ(D0) is n.
Choose a componentC of Σ(D0) that bounds a disk E in D˜, that is, one of the components
of the preimage of C is an innermost loop. In the diagramD, the disk E may intersect the l-
handles h1, . . . , hm. If E meets in a cocore of a 1-handle, we may eliminate the intersection
loop by the move (%1), and if E meets in an attaching disk of a 1-handle, we may eliminate
the attaching disk by the move (%2); see Fig. 24, where E meets in one cocore and one
attaching disk. Note that these deformations do not change the number of the components
of Σ(D0). Hence we may assume that E does not intersect the 1-handles.
A regular neighborhood of E in D˜ consists of an annulus A and a disk E′ containing E.
Throw away the annulus A from D˜, and replace it by two disks, each of which is parallel
to E. Then we obtain a ribbon diagram D1 for r + 1 copies of 2-spheres. The number of
the components of Σ(D1) is n− 1. The diagram D0 may be regarded as a ribbon diagram
obtained from D1 by attaching a 1-handle h such that h(∂B2 × I)=A. Thus D is a ribbon
diagram obtained from D1 by attaching the 1-handles h1, . . . , hm,h, which yields the first
part.
Next, we consider a ribbon diagram obtained by attaching 1-handles h1, . . . , hn on
2-spheres S1, . . . , Sn+r . If the 2-spheres S1, . . . , Sn+r bound mutually disjoint 3-balls
B1, . . . ,Bn+r with ∂Bi = Si in R3, then by a sequence of the move (%3), we transform the
1-handles so that each pair (Bi,Bi ∩ (⋃j αj )), αj is a core of hj , forms a trivial tangle.
Otherwise, take a 2-sphere, say Si , satisfying:
(i) Si is contained in some other 2-sphere in R3, and
(ii) Si does not contain any other 2-sphere in R3.
Let Bi be the 3-ball in R3 with ∂Bi = Si . By a sequence of the move (%3), we transform
the 1-handles so that the pair (Bi,Bi ∩ (⋃j αj )) forms a trivial tangle. Then by a sequence
Fig. 24.
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Fig. 25.
of the move (%6), we pull out Si from the 2-spheres that contain Si . The conclusion follows
by induction. ✷
Proof of Theorem 5.2. For simplicity, we prove for r = 1, that is, for a 2-knot. By
Lemma 5.3, it suffices to prove for a ribbon diagram for a 2-sphere that is obtained by
attaching 1-handles h1, . . . , hm on 2-spheres S1, . . . , Sm+1 such that: S1, . . . , Sm+1 bound
mutually disjoint 3-balls B1, . . . ,Bm+1 in R3 with ∂Bi = Si , and each pair (Bi,Bi ∩
(
⋃
j αj )), αj is a core of hj , forms a trivial tangle. Sliding the 1-handles, we may assume
that each 1-handle hi connects Si with Sm+i for i = 1, . . . ,m. Then by Lemma 4.3, we
can transform each 1-handle into one of type (H3). It is easy to see that the resulting
ribbon diagram is a symmetric immersion of some ribbon handlebody; Fig. 25 shows a
neighborhood of Si , 1 i m.
Finally, using the move (%7), we pull out every 1-handle piercing through the 2-spheres
S1, . . . , Sm+1 whose crossing information matches. Then we obtain a symmetric ribbon
diagram; Fig. 23 gives the inverse correspondence. This completes the proof. ✷
6. Filtrations of ribbon 2-knots
In this section, we define the two filtrations on the Z-module generated by the ambient
isotopy classes of ribbon 2-knots, which we have given in [5]: The first one is from a simple
ribbon handlebody, the second one from a ribbon diagram.
6.1. Filtration from simple ribbon handlebodies
Let H be a simple ribbon handlebody. A pair (H,σ k) is a marked ribbon handlebody of
order k, or a k-marked ribbon handlebody, if σk is a subset of the singular set ΣH of H
such that σk consists of exactly k elements.
Let R0 be the Z-module generated by the set of ambient isotopy classes of ribbon
2-knots. For a marked ribbon handlebody (H,σ k) with σk = {s1, . . . , sk}, let Hε1,...,εk
be a ribbon handlebody obtained from H by modifying near each marked singularity
si ∈ σk (1 i  k) according to the integer εi ∈ {0,1} with the rule illustrated in Fig. 26,
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Fig. 26.
and let Kε1,...,εk be the associated ribbon 2-knot determined from Hε1,...,εk . We define an







where [Kε1,...,εk ] is the ambient isotopy class of the ribbon 2-knot Kε1,...,εk .
Let Rk denote the Z-submodule of R0 generated by the elements e(H,σ k), where
(H,σ k) is a marked ribbon handlebody of order k. Then we have a filtration FR of ribbon
2-knots:
R0 ⊃R1 ⊃R2 ⊃ · · · ⊃Rk ⊃ · · · .
6.2. Filtration from ribbon diagrams
A marked ribbon diagram of order k, (D,Γ k), is a pair of a ribbon diagram D and a
subset Γ k of the set of the crossing circles Σ(D) consisting of exactly k crossing circles.
We present a marked ribbon diagram by the immersed 2-sphere together with the labels c
and c∗ on c-annuli, c ∈ {a,b}, where the crossing circles in annuli labeled c∗ belong to Γ k .
Note that a marked ribbon diagram of order 0, (D,∅), is an ordinary ribbon diagram.
LetQ0 be theZ-module generated by the set of ambient isotopy classes of 2-knots which
are presented by ribbon diagrams. ThusQ0 =R0.
We define an element f (D,Γ k), Γ k = {C1, . . . ,Ck}, in Q0. For ε1, . . . , εk ∈ {0,1}, let
Dε1,...,εk be the ribbon diagram obtained from D by the following rule: If εi = 0, then
delete the mark ‘∗’ of Ci , and if εi = 1, then delete the mark ‘∗’ and change the crossing
Ci , that is, exchange the two marks ‘a’ and ‘b’ at Ci ; see Fig. 27. The ribbon diagrams
Dε1,...,εk and D are identical outside a regular neighborhood NCi of Ci , and inside NCi
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Fig. 27.
where [LDε1,...,εk ] is the ambient isotopy class of the associated ribbon 2-knot LDε1,...,εk of
the ribbon diagram Dε1,...,εk . Note that if k = 0, then f (D,∅) is the ambient isotopy class
of the associated ribbon 2-knot of D.
We define the Z-submodule Qk of Q0 generated by the set of all f (D,Γ k), where
(D,Γ k) is a marked ribbon diagram of order k. Then we obtain another filtration FQ of
ribbon 2-knots:
R0 =Q0 ⊃Q1 ⊃Q2 ⊃ · · · ⊃Qk ⊃ · · · .
6.3. Local moves of a marked ribbon diagram
We investigate the change of a marked ribbon diagram after performing the local moves
defined in Section 3. In each move, away from the regions depicted, the marked ribbon
diagrams are identical before and after the move. The following two lemmas are immediate
consequences of the definition of the map f .
Lemma 6.1. Let (D,Γ k) be a marked ribbon diagram of order k. Suppose that (D′,Γ ′k)
is a marked ribbon diagram obtained from (D,Γ k) by performing one of the local moves




)= f (D′,Γ ′k).
Lemma 6.2. Let (D,Γ k) be a marked ribbon diagram of order k. Suppose that D′ is the
ribbon diagram obtained from D by changing a crossing C ∈ Γ k , that is, D and D′ differ




)=−f (D′,Γ ′k)= f (D,Γ k\{C})− f (D′,Γ k\{C}).
By using Lemma 6.2, the move (W1) in Lemma 3.5 yields the following.
Lemma 6.3. If a marked ribbon diagram (D,Γ k) has a wen with a marked crossing circle,
then f (D,Γ k)= 0.
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Let us consider the case where the affected region has marked crossing circles. For the
(%1) move, we have marked ribbon diagrams that are identical except where they appear
as in the first and second marked ribbon diagrams in Fig. 10, where ci ∈ {a,b, a∗,b∗}.
Denote by F1(c1, c2) and G1(c1, c2, c3, c4) their images under the map f . Similarly, for
the (%2) move, denote by F2(c1) and G2(c1, c2) the images of the marked ribbon diagrams
in Fig. 11 under f , where ci ∈ {a,b, a∗,b∗}. Then we have:
Lemma 6.4.
F1(c
∗, d) = G1(c, d, c∗, c)+G1(c∗, d, c¯, c)+G1(c¯, d, c¯, c∗), (1)
F1(c, d
∗) = G1(c, d∗, c, c), (2)
F1(c
∗, d∗) = G1(c, d∗, c∗, c)+G1(c∗, d∗, c¯, c)+G1(c¯, d∗, c¯, c∗), (3)
F2(c
∗) = G2(c∗, c)+G2(c¯, c∗), (4)
where c, d ∈ {a,b}.
Proof. From Lemmas 3.4 and 6.1, we have
F1(c, d)=G1(c, d, c, c)+G1(c, d, d, d). (5)
We prove (1):
G1(c, d, c
∗, c)+G1(c∗, d, c¯, c)+G1(c¯, d, c¯, c∗)
=G1(c, d, c, c)−G1(c, d, c¯, c)+G1(c, d, c¯, c)−G1(c¯, d, c¯, c)
+G1(c¯, d, c¯, c)−G1(c¯, d, c¯, c¯) (by Lemma 6.2)
=G1(c, d, c, c)−G1(c¯, d, c¯, c¯)
= F1(c, d)− F1(c¯, d) (by (5))
= F1(c∗, d) (by Lemma 6.2).
Eqs. (2) and (3) are similarly proved. For (4), we use
F2(c)=G2(c, c),
which is given by Lemmas 3.4 and 6.1. ✷
By Lemma 6.3, we may consider only a marked ribbon diagram that does not have a
wen with a marked crossing circle. For the (%4)−(%6) moves, we have similarly:
Lemma 6.5. Let (D,Γ k) and (D′,Γ ′k) be marked ribbon diagrams that are identical
except in the region that appears in the first and second figures in one of Figs. 13, 14 and




)= f (D′,Γ ′k).
Summarizing Lemmas 6.1 and 6.3–6.5, we obtain:
Proposition 6.6. Let (D,Γ k) be a marked ribbon diagram of order k, and D′ a ribbon
diagram obtained from the ribbon diagram D by one of the moves (W1)–(W4) and
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(%1)−(%6). Then f (D,Γ k) is a finite linear combination of f (Di,Γ ki )’s, where each
(Di,Γ
k
i ) is a marked ribbon diagram of order k with the same immersed surface as D′.
6.4. Coincidence of the two filtrations
In this section, we will prove that the two filtrations defined in the previous sections
coincide. First, we consider elementary moves for marked diagrams.
Lemma 6.7. Rk ⊂Qk for each k.
Proof. For a marked ribbon handlebody of order k, (H,σ k) ∈Rk , we construct a marked
ribbon diagram (D,Γ k) of order k with e(H,σ k) = f (D,Γ k). Let D be the symmetric
ribbon diagram of H and σk = {s1, . . . , sk}. Each ribbon singularity si ∈ σk determines
two crossing circles in D; one is in the positive ribbon handlebody H+, and the other
in the negative ribbon handlebody H−. Denote by Ci the crossing circle on H+. Letting
Γ k = {C1, . . . ,Ck}, we have e(H,σ k)= f (D,Γ k), completing the proof. ✷
Let us consider the marked ribbon diagrams that are identical except where they appear
as in Fig. 28 (a) and (b), where ci ∈ {a,b, a∗,b∗}. Denote by F(c1, c2) and G(c1, c2, c3, c4)
their images under the map f . Then we have:
Lemma 6.8.
F(b∗, a)= F(b, a∗)=−F(a∗, a)=−F(b,b∗), (6)
F(a∗,b)= F(a,b∗)=−F(a, a∗)=−F(b∗,b), (7)
G(b∗, a, a∗,b)= F(a∗, a∗)= F(b∗,b∗)=−F(a∗,b∗)=−F(b∗, a∗). (8)
Proof. By Lemma 6.2,
F(b∗, a)=−F(a∗, a)= F(b, a)− F(a, a),
F (b, a∗)=−F(b∗,b∗)= F(b, a)− F(b,b).
Fig. 28.
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Fig. 29.
By Lemma 6.1 for (%7), F(a, a) = F(b,b), giving (6). Eqs. (7) and (8) are similarly
proved. ✷
The following is the main result in this paper.
Theorem 6.9. The Z-modulesRk and Qk coincide for each k.
Proof. By Lemma 6.7, it suffices to prove that Qk ⊂ Rk . Thus we show that for any
marked ribbon diagram (D,Γ k) of order k, f (D,Γ k) is a finite linear combination of
e(Hi, σ
k
i )’s, where (Hi, σ
k
i ) is a marked ribbon handlebody of order k. By Theorem 5.2, we
can transform D into a ribbon diagram D′ with symmetric immersion by a finite sequence
of the moves (W1)–(W4) and (%1)−(%6). Moreover from the proof of Theorem 5.2, we
may assume D′ is obtained by attaching 1-handles h1, . . . , hm on 2-spheres S1, . . . , Sm+1
such that:
• S1, . . . , Sm+1 bound mutually disjoint 3-balls B1, . . . ,Bm+1 in R3 with ∂Bi = Si for
i = 1, . . . ,m+ 1;
• each 1-handle hi connects Si with Sm+1 for i = 1, . . . ,m;
• each 1-handle hi is of type (H3); and
• each pair (Bi,Bi ∩ (⋃j αj )), αj is a core of hj , forms a trivial tangle.
By Proposition 6.6, f (D,Γ k) is a finite linear combination of f (Di,Γ ki )’s, where each
(Di,Γ
k
i ) is a marked ribbon diagram of order k with the same immersed surface as D′.
Using Lemma 6.1 for (%7) and Lemma 6.8, there exists a marked ribbon handlebody
(Hi, σ
k
i ) of order k such that f (Di,Γ
k
i )=±e(Hi, σ ki ). Fig. 29 shows the correspondences
from a marked symmetric diagram near a 1-handle that pierces through Sj to a marked
ribbon handlebody, which we see from the positive side. This completes the proof. ✷
6.5. Finite type invariants
Let v be an invariant of ribbon 2-knots taking values in an abelian groupA. Then we may
extend v to a Z-linear mapR0 →A. We call v a finite type invariant of type k derived from
the filtration FR, if v is a zero map onRk+1: v|Rk+1 = 0. We denote by Ik(R;A) the set
of all such finite type invariants of type k. Note that Ik(R;A) is naturally isomorphic to
the set of all Z-linear maps from R0/Rk+1 to A, HomZ(R0/Rk+1,A).
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Similarly, we can define the set of finite type invariants Ik(Q;A) derived from the
filtration FQ. From Theorem 6.9, the two filtrations coincide, and hence the two sets of
finite type invariants coincide, obtaining Theorem 1.1 in Introduction.
Remark 6.10. We can prove directly that the nth derivative of the normalized Alexander
polynomial is a finite type invariant of type n that is derived from the filtration
FQ: dn/dtn∆K(1) ∈ In(Q;A), which is a motivation of this paper.
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